In a recent preprint on arXiv Roland Bacher showed that the number
Introduction
The sphere packing problem is a classical problem with connections to fields of mathematics, information theory and physics. This problem asks how to pack d-dimensional identical balls in R d such that their density, the proportion of R d they fill, is maximized. All best known sphere packings up to dimension 9 are in fact lattice packings, i.e. sphere packings such that the centers of the balls form a discrete additive group. Therefore a natural restriction of the sphere packing problem is the lattice packing problem. In 1908, in his famous work [1] , Voronoi introduced an algorithm that solves the lattice packing problem in any dimension in finite time. Voronoi showed that any lattice with optimal packing density must correspond to a so-called perfect (quadratic) form and his algorithm enumerates the finitely many perfect forms up to similarity in a fixed dimension. However, the number of non-similar perfect forms grows super-exponentially in the dimension and as a result Voronoi's algorithm has only been completely executed up to dimension 8 [2, 3, 4, 5] . The exact number of non-similar perfect forms from dimension 2 up to 8 is 1, 1, 2, 3, 7, 33 and 10916 respectively and in dimension 9 more than 20 million were found [6] . An intriguing question is to characterize the growth of the number of non-similar perfect forms.
A bound on the number of perfect forms has consequences beyond estimating the complexity of Voronoi's algorithm. In 1998 C. Soulé [7] proved an upper bound of e O(d 4 log(d)) , which he used to prove a statement related to Vandiver's Conjecture.
Furthermore, from the field of physics, there is interest in the statistical analysis of variations of Voronoi's algorithm based on random walks, first introduced by A. Andreanov and A. Scardicchio [8] . They conjecture a growth of e Θ(d 2 ) and several variations of Voronoi's algorithm are designed [8, 9] under the assumption that this conjecture is true.
Recently R. Bacher [10] A useful property of d-dimensional perfect forms is that each of them has a corresponding full rank cone inside the cone of d-dimensional positive semidefinite quadratic forms. In fact if we look at all perfect forms up to scaling their corresponding cones are essentially disjoint. We use this property to prove the upper bound of e O(d 2 log(d)) with a volumetric argument. We show that each perfect form is similar to a perfect form of which the corresponding cone has at least a certain volume. As only a certain amount of such cones fit in a disjoint manner in the cone of positive semidefinite quadratic forms we obtain an upper bound on the number of similarity classes of perfect forms.
In Section 2 we discuss the preliminaries needed for the proof and in Section 3 we prove the upper bound of e O(d 2 log(d)) .
Preliminaries

Notation
We denote the sets of integers, rationals and reals by Z, Q and R respectively. With R ≥0 and R >0 we denote the set of all non-negative and positive reals respectively. The set of integers {1, 2, . . . , m} is denoted by [ 
The trace and determinant of a square matrix A are denoted by Tr(A) and det(A) respectively. The interior of a measurable set S ⊂ R n , i.e. the largest open set contained in S, is denoted by Int(S). A cone is a set C ⊂ R d that is closed under positive scaling. Let X ⊂ R d , then we denote by cone(X) the cone given by all non-negative linear combinations of the elements in X and by conv(X) the convex set given by all convex combinations of the elements in X. Furthermore we denote by rank(X) the dimension of the linear subspace spanned by the elements in X.
Quadratic forms
We associate with every symmetric real matrix Q ∈ R d×d a (real) quadratic form in d ≥ 1 variables given by
The space of all quadratic forms is denoted by
-dimensional real vector space, which is a Euclidean space when endowed with the standard trace inner product
The norm induced by this inner product is the standard Frobenius norm. By cyclicity of the trace, we have x t Qx = Q, xx t . Under any fixed ordering of the indices
n is given by:
where q ii := Q ii and q ij := √ 2Q ij = √ 2Q ji for i < j. Indeed we have
This isometry will implicitly be used in the figures. Moreover, we consider the cone of positive definite quadratic forms (PQFs)
its closure, the cone of positive semidefinite quadratic forms
and finally its historically named rational closure [11] 
Arithmetical equivalence
Two quadratic forms are arithmetically equivalent if they lie in the same orbit under the action (Q, U) → U t QU of the multiplicative group
of unimodular matrices. We call two PQFs Q, Q ′ ∈ S d >0 similar if and only if Q is arithmetically equivalent to αQ ′ for some α ∈ R >0 .
Positive definite quadratic forms
For any PQF Q ∈ S d >0 there exists a smallest real number r > 0 for which Q[x] = r has an integral solution. We define this number as the arithmetical minimum denoted by
More generally, we define for i ∈ [d] the i-th successive minima λ i (Q) as
where the infinum is in fact a minimum. Note that λ i (αQ) = αλ i (Q) for any α ∈ R >0 . Furthermore, the successive minima are invariant under arithmetical equivalence, because (
, the notions of similarity and arithmetical equivalence coincide. By applying Hermite-Korkine-Zolotarev lattice reduction to a PQF we can always find an arithmetically equivalent PQF for which the successive minima are attained, up to a linear factor, by the standard basis of Z d . 
We define the set of minimal vectors of a PQF Q ∈ S
has the unique solution are arithmetically equivalent by U, then Q −1 and (Q ′ ) −1 are arithmetically equivalent by U −t . There are several metric relations between the PQFs Q and Q −1 , known as transference theorems. In particular for the successive minima we have bounds from Banaszczyk. 
Volume
By making use of the isometry φ : S d → R n we only need the standard notion of volume in R n . The n-dimensional volume of a measurable set S ⊂ R n ′ of affine dimension at most n is denoted by Vol n (S). In particular the n-dimensional unit ball B n has volume
where Γ denotes Euler's gamma function. Furthermore, a simplex, a convex set spanned by 0 and n linearly independent points x 1 , . . . , x n ∈ R n , has volume
See [14] for a proof. If S ⊂ R n is a convex measurable set of affine dimension n − 1 and p ∈ R n is a point with orthogonal distance h to S, then it holds that Vol n (conv(S ∪ {p})) = h n · Vol n−1 (S).
We call two measurable sets S 1 , S 2 ⊂ R n essentially disjoint if Int(S 1 ) ∩ Int(S 2 ) = ∅. In particular for N pairwise essentially disjoint simplices
Vol n (S i ).
An upper bound on the number of perfect forms
In this section we prove an upper bound on the number of non-similar ddimensional perfect forms. The bound of e O(d 2 log(d)) improves on the bound e O(d 3 log(d)) proven by R. Bacher [10] . Bacher already conjectured such an upper bound with heuristic arguments. Our proof strategy does not seem to overlap with the proof or the heuristic arguments of Bacher. 
The proof makes use of a volumetric argument after showing the existence of a good representative for each similarity class of perfect forms. Recall that every perfect form Q ∈ S d >0 has a full rank Voronoi domain V(Q) = cone({xx t : x ∈ Min Q}) in S d . A key point in the proof of Theorem 3.1 is that the Voronoi domains of the set of perfect forms up to scaling form an essentially disjoint partitioning of the rational closureS
where the Voronoi domains are essentially disjoint.
Proof. This result originates from the first reduction theory of Voronoi [1] , see section 7.1 of [15] for a full proof. We do reprove the last part of the Lemma, that is, the part that the union is essentially disjoint. This is the only part from this Lemma that we need. Let Q, Q ′ ∈ S d >0 be two perfect forms where we assume that λ 1 (Q) = λ 1 (Q ′ ) = 1. Suppose that there exists an R ∈ Int(V(Q)) ∩ Int(V(Q ′ )). We have to show that Q = Q ′ . Because R ∈ Int(V(Q)), there exist positive c x ∈ R >0 for every x ∈ Min Q such that R = x∈Min Q c x · xx t . As a result we have
we get symmetrically the inequality R, Q ′ ≤ R, Q and thus equality. Then we have
Because c x > 0 and x t Q ′ x ≥ 1 for all x ∈ Min Q, it holds that x t Q ′ x = 1 for all x ∈ Min Q, i.e. Min Q ⊂ Min Q ′ . We conclude by perfectness of Q that Q ′ = Q. To turn Lemma 3.2 into an upper bound on the number of non-similar perfect forms, we need to find, in each similarity class, a perfect form Q ∈ S d >0 for which V(Q) is 'large'. To find such a good representative we use the following lemma. 
Proof. We can assume without loss of generality that λ 1 (Q) = 1. Applying Lemma 2.1 to the dual PQF Q −1 we obtain a PQF Q ′ ∈ S d >0 arithmetically equivalent to Q such that 
. Combining these inequalities we obtain
In particular, this gives a lower bound on the eigenvalues µ 1 , . . . , µ d > 0 of Q ′ , namely
But as min
and λ 1 (Q ′ ) = λ 1 (Q) = 1 we have
for all x ∈ Min Q ′ .
To quantify the volume of the cones in S d ≥0 , we bound them by the half-
2. By Lemma 3.3, we can obtain for any similarity class a perfect form for which the Voronoi domain is reasonably large. 
Proof. According to Lemma 3.3, there exists a PQF Q ′ ∈ S d >0 arithmetically equivalent to Q that satisfies x t x ≤ 1 8
is the convex hull of 0 and φ
for all x ∈ Min Q ′ /{±1}. As we are only in search of a lower bound for the volume of V ′ , we consider without loss of generality a subset M Q ′ ⊂ Min Q ′ such that |M Q ′ | = n and rank{φ(xx t ) ∈ R n : x ∈ M Q ′ } = n. Note that this is possible exactly because Q ′ is perfect. Then V ′ contains a simplex induced by M Q ′ and we get Vol n (V ′ ) ≥ Vol n conv {0} ∪ φ xx
By using that φ(xx t ) ∈ Z d ⊕ √ 2Z n−d for all x ∈ Z d under some fixed ordering and that the determinant of W is nonzero, because it has full rank, we get
So we can conclude that
Now we have found a good representative for each similarity class of perfect forms; the upper bound quickly follows.
Proof of Theorem 3.1. Let P d be a complete set of non-equivalent representatives of perfect d-dimensional quadratic forms with λ 1 (Q) = 1 up to arithmetical equivalence. By Corollary 3.4 we can assume that Vol n (φ(V(Q) ∩ T d )) ≥ ℓ d for all Q ∈ P d . By Lemma 1 we have
where the V(Q) are essentially disjoint. This yields
